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1. INTRODUCTION
Recently vector variational inequalities have been introduced in a finite
w x w xdimensional Euclidean space 1 . Since then, Chen and others 2]7 have
intensively studied the vector variational inequalities in abstract spaces.
Let X be a Banach space. A nonempty subset P of X is called a convex
cone if lP ; P for all l G 0 and P q P s P. A cone P is called a pointed
 .  4cone if P is a cone and P l yP s 0 , where 0 denotes the zero vector.
Also, a cone P is called proper if it is properly contained in X. The partial
order F on X induced by a pointed cone P is defined by declaring x F y
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if and only if y y x g P for x, y in X, and P is called a positive cone in
X. Furthermore, if such a partial order is induced by a convex cone, it is
 .called a linear order. An ordered Banach space is a pair X, P , where X
is a real Banach space and P is a pointed convex cone with the linear
 .order induced by P. The weak order l on ordered Banach space X, P
with int P / B is defined as x -u y if and only if y y x f int P for x, y in
w xX 2 , where int denotes interior.
5 5 5 5Let X and Y be real Banach spaces with norms ? and ? ,X Y
 .respectively. L X, Y is the space of all bounded linear mappings from X
 .  .into Y. We denote by l, x the value of l g L X, Y at x g X. Let K be a
nonempty closed convex subset of X. Let T be a set-valued mapping from
K into 2 L X , Y .. Let C be a set-valued mapping from K into 2Y such that
 .  .C x is a proper closed convex cone of Y with int C x / B for each
x g K.
In this paper, we consider the generalized ¨ector ¨ariational inequality
 .problem in short, GVVIP , that is, to find x g K such that
; y g K , ' t g T x : t , y y x f yint C x . .  . .
w xThis problem was introduced by Lin, Yang, and Yao 8 and is an extension
 .of the single-valued vector variational inequality problem VVIP , which
w x w x  .was investigated by Chen 5 and by Yu and Yao 7 . When C x s P for
 .all x g K and Y, P is an ordered Banach space with weak order,
 .  .GVVIP becomes GVVIP , that is, to find x g K such thatK
; y g K , ' t g T x : t , y y x -u 0. .  .
 .This is an extension of the vector variational inequality problem VVIP ,K
w x  .which was introduced by Chen and Yang 2 . Furthermore, GVVIP is an
 .extension of the scalar generalized variational inequality problem GVI
 w x.e.g., see Fang and Petersen 9 , that is, to find x g K such that
; y g K , ' t g T x : t , y y x G 0. .  .
Vector variational inequalities have been shown to be a particularly
useful tool in the geometric features of optimization. In this paper, we
w xattempt to employ the celebrated Fan lemma 10, Lemma 1 to derive
 .several existence results for GVVIP . The remainder of this paper will be
organized as follows. In Section 2, we give some preliminaries which will be
used throughout this paper. In Section 3, we derive existence theorems for




w xThe following well-known Fan lemma 10, Lemma 1 is an infinite-
dimensional generalization of the classical Knaster]Kuratowski]Mazur-
w x  .kiewicz theorem 11 KKM-Theorem . It will play a crucial role in proving
the existence results of solutions for generalized vector variational inequal-
ity problems.
 .THEOREM 2.1 Ky Fan . In a Hausdorff topological ¨ector space, let Y be
 .a con¨ex set and X a nonempty subset of Y. For each x g X, let F x be a
 4closed subset of Y such that the con¨ex hull of e¨ery finite subset x , . . . , x1 n
n  .of X is contained in the corresponding union D F x . If there is a pointis1 i
 .  .x g X such that F x is compact, then F F x / B.0 0 x g X
Remark 2.1. A set-valued mapping F: X ª 2 X is called a KKM-map if
n
 4co x , . . . , x : F x .D1 n i
is1
 4for any finite subset x , . . . , x of X, where co A denotes the convex hull1 n
of the set A.
Y  .Let C: K ª 2 be a set-valued mapping such that for each x g K, C x
 .is a closed convex pointed cone with int C x / B. The following notations
will be used in the sequel:
C s C x and C s co C x x g K . 4 .  .Fy q
xgK
DEFINITION 2.1. Let X, Y be Banach spaces. Let K be a nonempty
subset of X. Let T : K ª 2 L X , Y . be a mapping and let D be a convex
cone in Y.
 .  .i T is D -monotone on K if for every pair of points x g K,
 .  .y g K and for all t9 g T x , t0 g T y , we have
t0 y t9, y y x g D. .
 .  .ii T is D -pseudomonotone on K if for every pair of points
 .  .x g K, y g K and for all t9 g T x , t0 g T y , we have
t9, y y x g D implies t0 , y y x g D. .  .
 .iii T is C -pseudomonotone on K if for every pair of points x g K,x
 .  .y g K and for all t9 g T x , t0 g T y , we have
t9, y y x f yint C x implies t0 , y y x f yint C x . .  .  .  .
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 .  .iv T is weakly D -monotone on K if for every pair of points
 .  .x g K, y g K and for every t9 g T x , there exists t0 g T y such that
t0 y t9, y y x g D. .
 .  .v T is weakly D -pseudomonotone on K if for every pair of points
 .x g K, y g K and for every t9 g T x , we have
t9, y y x g D implies t0 , y y x g D for some t0 g T y . .  .  .
 .vi T is weakly C -pseudomonotone on K if for every pair of pointsx
 .x g K, y g K and for every t9 g T x , we have
t9, y y x f yint C x implies t0 , y y x f yint C x .  .  .  .
for some t0 g T y . .
 .  .Remark 2.2. i The D -pseudomonotone mappings can be regarded
as some extensions of pseudomonotone mappings introduced by Karamar-
w x  w x.dian 12 see also 9 .
 .  .ii When D s C or D s C , T : K ª L X, Y , Definition 2.1,y q
 .  . w xparts i ] vi are restricted to 7, Definition 2.1 , C -pseudomonotonicityx
w xcorresponding to weak C-pseudomonotonicity in 7 .
We give some relationship between the mappings in Definition 2.1. The
proofs which can be argued directly from Definition 2.1 will be omitted.
PROPOSITION 2.1. Let K be a nonempty subset of the Banach space X and
Y be a Banach space. Let T : K ª 2 L X , Y . be a mapping. Let C: K ª 2Y be
 .a set-¨ alued mapping such that for each x g K, C x is a closed con¨ex
 .pointed cone with int C x / B and let D be a con¨ex cone in Y.
 .  .  .  .i If T is D -monotone, then it is weakly D -monotone and D -
pseudomonotone.
 .  .  .ii If T is D -pseudomonotone respecti¨ ely, C -pseudomonotone ,x
 . then it is weakly D -pseudomonotone respecti¨ ely, weakly C -pseudomono-x
.tone .
 .  .  .iii If T is weakly D -monotone, then it is weakly D -pseudomono-
tone.
 .  .   . .iv If T is C -monotone respecti¨ ely, weakly C -monotone , theny y
 .it is C -pseudomonotone respecti¨ ely, weakly C -pseudomonotone .x x
DEFINITION 2.2. Let K be a nonempty subset of the Banach space X
and Y be a Banach space. Let T : K ª 2 L X , Y . be a mapping. T is said to
w xbe u-hemicontinuous on K for any x g K, y g K, and a g 0, 1 , the
  . .mapping a ª T x q a z , z with z s y y x is upper semicontinuous at
0q.
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We note that the linearization plays an important role in variational
w xinequalities. Minty 13 first proved the linearization Lemma in the case of
w xY s R. For the vector valued case, its extensions were obtained in 2, 5, 7 .
We shall prove the similar result in the set-valued case.
 .LEMMA 2.1 Generalized Linearization Lemma . Let X, Y be Banach
spaces and K be a nonempty con¨ex subset X. Let T : K ª 2 L X , Y . and we
consider the following problems:
 .  .  .  .I x g K such that ; y g K, ' t9 g T x : t9, y y x f yint C x ;
 .  .  .  .II x g K such that ; y g K, ' t0 g T y : t0, y y x f yint C x ;
 .  .  .  .III x g K such that ; t0 g T y : t0, y y x f yint C x for all
y g K.
Then,
 .  .  .i Problem III implies Problem II ;
 .  .  .ii Problem II implies Problem I if T is u-hemicontinuous;
 .  .  .iii Problem I implies Problem III if T is C -pseudomonotone, andx
 .it implies Problem II if T is weakly C -pseudomonotone.x
 .Proof. i The result follows directly from the definition.
 .  .ii Let x be a solution of Problem II . Assume to the contrary that
 .  .  .for some y g K and all t9 g T x , we have t9, y y x g yint C x . Set
 .x s a y q 1 y a x. Then, by the u-hemicontinuity of T , there existsa
 .  .  .  .d ) 0 such that t, y y x g yint C x for all t g T x , a g 0, d . Sincea
 .  .  .  .a y y x s x y x, we see that t, x y x g yint C x for all t g T x ,a a a
 .a g 0, d . But this contradicts our hypothesis.
 .iii The result follows from the C -pseudomonotonicity and weakx
C -pseudomonotonicity of T , respectively.x
Recall that a mapping Q: X ª 2 X * is said to be pseudomonotone on K
 .  .if for every pair of points x g K, y g K and all q9 g Q x , q0 g Q y , we
have
q9, y y x G 0 implies q0 , y y x G 0. .  .
Also, a mapping Q: X ª 2 X * is said to be weakly pseudomonotone on K if
 .for every pair of points x g K, y g K and every q9 g Q x , we have
q9, y y x G 0 implies q0 , y y x G 0 for some q0 g Q y . .  .  .
Obviously, every pseudomonotone mapping is weakly pseudomotone.
Let s g Y * and T : K ª 2 L X , Y .. We define the mapping T : K ª 2 X *s
by
T x , y s s, T x , y .  . . .s
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for x g K and y g X. Also, set
H s s y g Y s, y G 0 . 4 .  .
PROPOSITION 2.2. Let X, Y be real Banach spaces and K be a nonempty
L X , Y .   ..closed con¨ex subset of X. Suppose that T : K ª 2 is H s -pseudo-
   .. .monotone respecti¨ ely, weakly H s -pseudomonotone for some s g Y * _
 4 0 . Then the mapping T is pseudomonotone respecti¨ ley, weakly pseu-s
.domonotone on K.
Proof. For any x, y g K, suppose that
tX , y y x G 0 for some tX g T x . 1 .  .  .s s s
  ..  .  .  .Then s, t9, y y x G 0 for some t9 g T x and t9, y y x g H s . If T
  ..  .  .is H s -pseudomonotone, then we must have t0, y y x g H s for all
 . Y  .t0 g T y . Hence, for all t g T y ,s s
tY , y y x G 0, 2 .  .s
  ..i.e., T is pseudomonotone on K. Analogously, if T is weakly H s -pseu-s
 .  . Y  .domonotone, 1 implies 2 for some t g T y and T is weakly pseu-s s s
domonotone on K.
 .In order to solve the GVVIP with an unbounded domain, we need the
following coercivity conditions. We first note that
UC s l g Y * l , y G 0, for all y g C . . 4q q
DEFINITION 2.3. Let X, Y be Banach spaces and K a nonempty closed
Y U  4convex subset of X. Let C: K ª 2 be such that C _ 0 / B. Let T :q
K ª 2 L X , Y ..
 . U  4i T is ¨-coerci¨ e if there exists x g K and s g C _ 0 such that0 q
5 5 5 5inf t , x y x r x y x ª `, as x g K , x ª `. .0 0
 .tgT xs
 . U  4ii T is weakly ¨-coerci¨ e if there exists x g K and s g C _ 00 q
such that
5 5inf t , x y x ª `, as x g K , x ª `. .0
 .tgT xs
 .Remark 2.3. i We note that if T is ¨-coercive then it is weakly
¨-coercive.
 .  .  .  .ii When T : K ª L X, Y , Definition 2.3, parts i , ii are re-
w xstricted to 7, Definition 2.3 .
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DEFINITION 2.4. Let X, Y be Banach spaces and K a nonempty closed
convex subset of X. Let C: K ª 2Y be a mapping such that for each
 .  .x g K, C x is a closed convex pointed cone with int C x / B. Let T :
L X , Y .K ª 2 be a mapping. A point x g K is said to be a strong solution
 .  .of GVVIP , if there exists t g T x such that
t , y y x f yint C x ; y g K . . .
 .Obviously, every strong solution is a solution of GVVIP , but the
reverse assertion is not true in general.
Y  .DEFINITION 2.5. Let W: X ª 2 . The graph of W, denoted by G W , is
G W s x , z g X = Y x g X , z g W x . 4 .  .  .
 .3. EXISTENCE RESULTS OF SOLUTIONS FOR GVVIP
 .In this section, we consider a GVVIP defined on a closed convex
subset of a Banach space.
THEOREM 3.1. Let X and Y be real Banach spaces. Let K be a nonempty
weakly compact con¨ex subset of X. Let C: K ª 2Y be such that for each
 .  .x g K, C x is a proper closed con¨ex cone with int C x / B, and W:
Y  .   ..  .K ª 2 be defined by W x s Y _ yint C x such that the graph G W of
W is weakly closed in X = Y. Suppose that T : K ª 2 L X , Y . is C -pseudo-x
monotone and u-hemicontinuous on K. Suppose also that T has nonempty
 .¨alues. Then, there exists a solution to the GVVIP .
Proof. Define set-valued mappings F, G: K ª 2 K by
F y s x g K ' t9 g T x , t9, y y x f yint C x 4 .  .  .  .
and
G y s x g K ; t0 g T y , t0 , y y x f yint C x , 4 .  .  .  .
respectively, for all y g K. The proof of the theorem is divided into the
following five steps:
 .i F is a KKM-map on K. Let x be in the convex hull of any finite
n 4subset y , . . . , y of K. Then x s  l y for some nonnegative l ,1 n is1 i i i
1 F i F n, with n l s 1. Ifis1 i
n
x f F y , .D i
is1
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 .then, for all t g T x ,
t , y y x g yint C x , for each i s 1, . . . , n. . .i
n .Since yint C x is convex and l G 0 with  l s 1, we havei is1 i
n
l t , y y x g yint C x . . . i i
is1
It follows that
0 s t , x y x .
n n
s t , l y y l x i i i /
is1 is1
n
s t , l y y x . i i /
is1
n
s l t , y y x g yint C x , . . i i
is1
 .where 0 denotes the zero vector in Y, Thus 0 s y0 g int C x , which is a
contradiction. Therefore we must have
n
 4co y , . . . , y : F y .D1 n i
is1
and hence F is a KKM-map on K.
 .  .  .ii F y : G y for all y g K and G is a KKM-map. By C -pseu-x
 .  .domonotonicity of T , we have that F y : G y for all y g K. Since F is
a KKM-map, so is G.
 .  .  .  .iii F F y s F G y . From Step ii , we havey g K y g K
F y : G y .  .F F
ygK ygK
 .  .and by Lemma 2.1 i , ii , we have
F y = G y , .  .F F
ygK ygK
and the conclusion follows.
 .  .iv For each y g K, G y is a weakly closed subset of K. For any
 4  .y g K, let x be a net in G y such that x converges weakly to x g K.a a
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 .  .Since x g G y , for every t0 g T y ,a
t0 , y y x g Y _ yint C x for all a . .  . .a a
 .Since t0 g L X, Y , t0 is continuous from the weak topology of X to the
w xweak topology of Y 14, Chap. 6, Theorem 1.1 . We achieve that the net
 .4  .t0, y y x converges weakly to t0, y y x g Y. Now, we get thata
  ..   ..  .  .x , t0, y y x converges weakly to x, t0, y y x g G W since G Wa a
 .is weakly closed. Therefore, for every t0 g T y ,
t0 , y y x g W x s Y _ yint C x .  .  . .
 .  .so that x g G y . Consequently, G y is a weakly closed subset of K.
 .  .v The generalized vector variational inequality GVVIP is solv-
 .able. From Step iv , as K is weakly compact in the Banach space X and
 .  .G y : K, we have that G y is a weakly compact subset of K, for each
 .y g K. In addition, by Step ii and Theorem 2.1, we have
G y / B. .F
ygK
 .Consequently, by Step iii , we have
F y / B. .F
ygK
Hence there exists x g K such that
; y g K , ' t g T x : t , y y x f yint C x . .  . .
The proof of the theorem is now complete.
Remark 3.1. We note that the assumptions of Theorem 3.1 imply that,
 .in case of an infinite-dimensional space Y, the cone C x cannot be
pointed for each x g K. Indeed, the assumptions imply that Y _
  ..  .yint C x is weakly closed for each x g K ; hence intC x is weakly
 .open. Since Y is infinite-dimensional, this implies that int C x contains a
whole straight line. That is, there exist y, z g Y such that y q tz, y y tz g
 .  .  .int C x for all t g R. By convexity, 0 g C x which gives 1rt y q
 .  .  .  .z, 1rt y y z g C x for all t ) 1. Since C x is closed, z g C x and
 .  .yz g C x . Consequently, C x cannot be pointed.
w x Theorem 3.1 generalizes 8, Theorem 3.1 . We now consider the GV-
.  .VIP which is defined on a closed not necessarily bounded convex subset
of the real Banach space X.
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We note that T is said to be generalized ¨-coerci¨ e on K if there exists a
weakly compact subset B of X and y g B l K, such that, for every0
 .t g T x ,
t , y y x g yint C x for all x g K _ B. 3 .  .  .0
 .THEOREM 3.2. Let X, Y, C, W, and G W be the same as in Theorem
3.1. Let K be a nonempty closed con¨ex subset of X. Suppose that T :
K ª 2 L X , Y . is C -pseudomonotone, generalized ¨-coerci¨ e, and u-hemicon-x
 .tinuous on K. Suppose also that T has nonempty ¨alues. Then, the GVVIP
has a solution.
Proof. We first define set-valued mappings F, G as those in the proof
of Theorem 3.1. Choose weakly compact subset B of X and y g B l K0
 .  .such that, for every t g T x , 3 holds.
 .  .We prove this theorem by following Steps i ] iv in the proof of
 .  .Theorem 3.1 and the following two additional steps, Steps v and vi .
w .  .v The weak closure F y of F y is a weakly compact subset of .0 0
 .  .K. If F y ­ B, then there exists x g F y such that x g K _ B. It0 0
 .follows that, for some t g T x ,
t , y y x f yint C x , .  .0
 .  .which contradicts 3 . Therefore, we must have F y : B and hence0w
F y is a weakly compact subset of K. .0
 .  .vi The generalized vector variational inequality GVVIP is solv-
 .  .able. By Steps i , v , and Theorem 2.1, we have
w
F y / B. .F
ygK
 .  .By Step iv and the C -pseudomonotonicity of T , G y is weakly closedx
 .  .and F y : G y for all y g K, respectively, so that
w
F y : G y for all y g K . .  .
Consequently,
G y / B. .F
ygK
 .  .  .Furthermore, F F y s F G y by Step iii . Thus we havey g K y g K
F y / B. .F
ygK
 .Hence the GVVIP has a solution.
The proof of the theorem is now completed.
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 .  . qRemark 3.2. Letting L X, Y s X* and C x s R for all x g K,
Theorems 3.1 and 3.2 can be viewed as some modifications of Theorem 2.3
w xfrom 15 .
We call the mapping T generalized d-coerci¨ e on K if there exists a point
 .y and a number d ) 0 such that, for every t g T x ,0
t , y y x g yint C x .  .0
5 5if x g K and y y x ) d.X0
We now obtain an existence theorem for weakly C -pseudomonotonex
 .GVVIP under additional assumptions.
 .THEOREM 3.3. Let X, Y, C, W, and G W be the same as in Theorem
3.1. Let K be a nonempty con¨ex subset of X and T : K ª 2 L X , Y . be a
weakly C -pseudomonotone and u-hemicontinuous mapping on K withx
nonempty compact ¨alues. Suppose that at least one of the following assump-
tions holds:
 .a K is weakly compact.
 .b X is reflexi¨ e, K is closed, and T is generalized d-coerci¨ e on K.
 .Then, the GVVIP has a solution.
Proof. We first define set-valued mapping F as that in the proof of
Theorem 3.1 and, also, the mapping G by
G y s x g K ' t0 g T y , t0 , y y x f yint C x 4 .  .  .  .
for all y g K.
 .In order to prove the present theorem under assumptions a it suffices
 .  .to follow the proof of Theorem 3.1 and replace Steps ii and iv in the
proof of Theorem 3.1 with the following steps.
 .  .  .ii9 F y : G y for all y g K and G is a KKM-map. By weak
 .  .C -pseudomonotonicity of T , we have that F y : G y for all y g K.x
Since F is a KKM-map, so is G.
 .  .iv9 For each y g K, G y is a weakly closed subset of K. For any
 4  .y g K, let x be a net in G y such that x converges weakly to x g K.a a
 . Y  .Since x g G y , for some t g T y ,a a
tY , y y x g Y _ yint C x for all a . .  . .a a a
 .Since T y is compact, we may assume, by taking a subnet if necessary,
Y  .that t is strongly converging to some t0 g T y . Besides, since K isa
 Y .weakly compact, x is bounded. Therefore, t y t0, y y x converges toa a a
 .  .0, but t0, y y x converges weakly to t0, y y x g Y due to t0 ga
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Y .  .  .L X, Y . Hence, t , y y x converges weakly to t0, y y x g Y. Now wea a
Y  ..   ..  .get that x , t , y y x converges weakly to x, t0, y y x g G Wa a a
 .  .since G W is weakly closed. Therefore, for t0 g T y ,
t0 , y y x g W x s Y _ yint C x .  .  . .
 .  .so that x g G y . Consequently, G y is a weakly closed subset of K.
 . Let us now consider the case of b . Let B denote the closed ball underr
.  .the norm of X with center at 0 and radius r. If K l B / B, part ar
 .guarantees the existence of a solution x for the following GVVIP :r r
find x g K l B such thatr r
; y g K l B , ' t g T x : t , y y x f yint C x . .  . .r r r r
 < 4We observe that x r ) 0 must be bounded. Otherwise, we can choose rr
5 5 5 5large enough so that r G y and d - y y x , where y satisfies theX X0 0 r 0
 .generalized d-coerci¨ ity of T. It follows that, for every t g T x ,r
t , y y x g yint C x , . .0 r r
 .i.e., x is not a solution of GVVIP , a contradiction. Therefore, therer r
5 5exists r such that x - r. Choose any x g K. Then we can chooseXr
 .« ) 0 small enough such that x q « x y x g K l B . If we supposer r r
 .that, for every t g T x ,r
t , x y x g yint C x , . .r r
then
t , x q « x y x y x s « t , x y x g yint C x , .  . .  .r r r r r
 .i.e., x is not a solution of GVVIP , a contradiction. Thus, x is ar r r
 .solution of GVVIP . The proof of the theorem is now completed.
 .  . qRemark 3.3. When L X, Y s X* and C x s R for all x g K, The-
orem 3.3 can be viewed as a modification of Theorems 2.1 and 2.2 from
w x16 .
 .4. SCALARIZATION OF GVVIP
 .In this section, we derive the existence theorems of GVVIP by way of
 .solving an appropriate GVI .
THEOREM 4.1. Let X, Y be real Banach spaces and K be a nonempty
weakly compact con¨ex subset of X. Let C: K ª 2Y be defined as that in
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U  4 L X , Y .Theorem 3.1 such that C _ 0 / B. Suppose that T : K ª 2 isq
  .. U  4u-hemicontinuous and H s -pseudomonotone on K for some s g C _ 0q
 .where H s / Y. Suppose also that T has nonempty ¨alues. Then:
 .  .i There exists a solution to the GVVIP .
 .  .ii If , for each x g K, the set T x is con¨ex and weakly compact in
 .  .L X, Y , there exists a strong solution to the GVVIP .
 .  .  . y1 ..Proof. i Since H s / Y, we note that int H s s s 0, ` . To see
y1 ..  .this, consider the following argument. It is clear that s 0, ` ; int H s .
 .  .Conversely, let y g int H s . Then there exists r ) 0 such that B y, r ;
 .  . 5 5  .H s . Hence s, y q rz G 0 for all z - 1. If s, y s 0, then from theY
 .  .above inequality we conclude that s, w G 0 for all w g Y or Y ; H s
 . y1 ..which is a contradiction. Therefore, s, y ) 0 and y g s 0, ` . Conse-
 . y1 .. U  4quently, int H s s s 0, ` . As s g C _ 0 , the mapping T is pseu-q s
domonotone on K due to Proposition 2.2. Besides, since T is u-hemicon-
 . qtinuous, so is T . Now, in the special case where Y s R, C x s R for alls
x g K, Theorem 3.1 guarantees the existence of a solution x g K for
 .GVI , i.e.,s
; y g K , ' t g T x : t , y y x G 0. 4 .  . .s s s
 .Consequently, for every y g K, there exists t g T x such that
s, t , y y x G 0, . .
U .  .  .hence, t, y y x f yint H s . Since s g C , yint H s = yint C =q q
 .yint C x , so that
t , y y x f yint C x . . .
 .Therefore, x is a solution of the GVVIP .
 .  .ii Let, in addition, the set T x be convex and weakly compact.
 .  .Then T x is obviously convex in X*. We will show that T x is alsos s
 4  .  4weakly compact. Let z be a net in T x . Then, there exists a net t ina s a
 .T x such that
z , x s s, t , x for all x g X . .  . .a a
 .  4Since T x is weakly compact, there exists a subnet of t which isa
 .converging weakly to some t g T x . Without loss of generality, we sup-
pose that t converges weakly to t. Fix any x g X. Then we can definea
l , t s s, t , x for all t g L X , Y , .  .  . .
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 .hence l g L X, Y *. Therefore, there exists z g X* such that
lim z , x s lim l , t s l , t s s, t , x s z , x , .  .  .  .  . .a a
a a
 .  .i.e,. z g T x . Thus, T x is a weakly compact set in X*.s s
 . w xNext, by 4 and the well-known minimax theorem 17 , we have
max min t , y y x s min max t , y y x G 0. .  .s s
ygK ygK .  .t gT x t gT xs s s s
 .Hence, there exists t g T x such thats s
t , y y x G 0 for all y g K , .s
 .i.e., there exists t g T x such that
s, t , y y x G 0 for all y g K . . .
Analogously, it follows that
t , y y x f yint C x for all y g K . . .
 .Therefore, x is a strong solution of the GVVIP . The proof is complete.
From Theorem 4.1 we can derive the following existence result of a
generalized variational inequality problem.
COROLLARY 4.1. Let X be a real Banach space and K be a nonempty
X *  .weakly compact con¨ex subset of X. Let T : K ª 2 be such that T x is
nonempty weakly compact and con¨ex for each x g K. Suppose that T is
pseudomonotone and u-hemicontinuous on K. Then there exists x g K and
 .y g T x such that
y , u y x G 0 ;u g K . .
Proof. Let Y s R and C: K ª 2 R be a constant multivalued mapping
 . w . U w . Uwith C x s 0, ` for each x g K. Then C s 0, ` and for each s g Cq q
 4  . w .   .._ 0 , H s s 0, ` and H s -pseudomonotonicity reduces to pseu-
domonotonicity. Consequently, the result follows from Theorem 4.1.
w xWe note that Corollary 4.1 extends part of 15, Theorem 2.3 where T is
assumed to be upper semicontinuous from the line segments of K to the
weak topology of X*.
Under the assumption of the weak ¨-coercivity of T , the following
 .existence theorem for the GVVIP holds.
THEOREM 4.2. Let X, Y, and C be the same as in Theorem 4.1 and, in
addition, X be reflexi¨ e. Let K be a nonempty con¨ex closed subset of X.
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L X , Y .   ..Suppose that T : K ª 2 is u-hemicontinuous, H s -pseudomonotone,
U  4  .and weakly ¨-coerci¨ e with respect to an s g C _ 0 on K where H s / Y.q
Suppose also that T has nonempty ¨alues. Then:
 .  .i There exists a solution to the GVVIP .
 .  .ii If , for each x g K, the set T x is con¨ex and weakly compact in
 .  .L X, Y , there exists a strong solution to the GVVIP .
U  4Proof. If, for the given s g C _ 0 , there exists x g K which is aq
 .solution for GVI , i.e.,s
; y g K , ' t g T x : t , y y x G 0, .  .s s s
 .  .then, as in the proof of Theorem 4.1, assertions i and ii are true. So, for
the proof of this theorem, it is sufficient to prove that there exists a
 .solution of GVI .s
 .Let B denote the closed ball under the norm of X with center at 0r
 . qand radius r. In the special case where Y s R, C x s R for all x g K l
B , Proposition 2.2 and Theorem 3.1 guarantee the existence of a solutionr
x for the following generalized vector variational inequality,r
find x g K l B such that, for every y g K l B ,r r r
' t g T x : t , y y x G 0 .  .s s r s r
5 5if K l B / B. Choose r G x , where x satisfies the weak ¨-coercivityXr 0 0
X  .of T. Then, for some t g T x ,s s r
tX , x y x G 0. 5 .  .s 0 r
 < 4We observe that x r ) 0 must be bounded. Otherwise, we can choose rr
large enough so that the weak ¨-coercivity of T yields
t , x y x - 0 for all t g T x , .  .s 0 r s s r
 . 5 5which contradicts 5 . Therefore, there exists r such that x - r. Now,Xr
for each x g K, we can choose « ) 0 small enough such that x q « x yr
.x g K l B . Thenr r
t , x q « x y x y x G 0 for some t g T x . .  . .s r r r s s r
Dividing « on both sides of the above inequality, we obtain
t , x y x G 0 for all x g K , .s r
 .which shows that x is the solution of GVI and the result follows.r s
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  ..We now obtain similar results in the case of weak H s -pseudomono-
tonicity.
THEOREM 4.3. Let X, Y, and C be the same as in Theorem 4.1. Let K be
a nonempty con¨ex subset of X and T : K ª 2 L X , Y . be a u-hemicontinuous,
  ..weakly H s -pseudomonotone mapping with nonempty compact ¨alues on K
U  4  .with respect to an s g C _ 0 where H s / Y. Suppose that at least one ofq
the following assumptions holds:
 .a K is weakly compact.
 .b K is closed, T is weakly ¨-coerci¨ e on K with respect to the same
U  4s g C _ 0 , and X is reflexi¨ e.q
Then:
 .  .i There exists a solution to the GVVIP .
 .  .ii If , for each x g K, the set T x is con¨ex, there exists a strong
 .solution to the GVVIP .
 .Proof. We first note that, in case a , the existence of a solution to the
 .  .  .GVI defined in 4 is guaranteed by Theorem 3.3 a . In addition, unders
 .  .assumptions of ii , the set T x is also convex and weakly sequentials
compact. Therefore, in order to prove this theorem it suffices to follow the
proofs of Theorems 4.1 and 4.2 with the corresponding modifications,
respectively.
 .Remark 4.1. Theorems 4.1, 4.2, and 4.3 show that GVVIP with a
 .   ..  .weakly H s -pseudomonotone mapping reduces to GVI with as
 .weakly pseudomonotone mapping. In its turn, the solution of the pseu-
 . w xdomonotone GVI can be found by iterative methods 18, 19 .s
Remark 4.2. Let X and Y be real Banach spaces and K be a closed
convex pointed cone in X. Let C: K ª 2Y be such that for each x g K,
 .  .C x is a closed convex pointed cone with int C x / B. Let T : K ª
2 L X , Y .. The generalized ¨ector complementarity problem, denoted by
 .  .  .GVCP , is to find x, t g K = T x such that
t , x f int C x , t , ¨ f yint C x ;¨ g K . .  .  .  .
 .  .It can be shown that if GVVIP has a strong solution, then GVCP has a
solution. Then by using Theorems 4.2 and 4.3 we can derive existence
 .results for GVCP .
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